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Abstract 

We propose to use a novel master Lagrangian for performing the bosonization 
of the D- dimensional massive Thirring model in D = d + 1 > 2 dimensions. It 
is shown that our master Lagrangian is able to relate the previous interpolating 
Lagrangians each other which have been recently used to show the equivalence of 
the massive Thirring model in (2+1) dimensions with the Maxwell-Chern-Simons 
theory. Starting from the phase-space path integral representation of the master 
Lagrangian, we give an alternative proof for this equivalence up to the next-to- 
leading order in the expansion of the inverse fermion mass. Moreover, in (3+1)- 
dimensional case, the bosonized theory is shown to be equivalent to the massive 
antisymmetric tensor gauge theory. As a byproduct, we reproduce the well-known 
result on bosonization of the (l+l)-dimensional Thirring model following the same 
strategy. Finally a possibility of extending our strategy to the non-Abelian case 
is also discussed. 
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1 Introduction 



In this paper we investigate the bosonization of the Thirring model as a gauge 
theory [|2], || in D = d + 1 spacetime dimensions (D > 2). As is well known, 
a lot of works have been devoted to the bosonization of the (l+l)-dimensional 
fermionic model, see [||, || [7|, f|] and references therein for the Thirring model. 
However the bosonization is not necessarily restricted to the (1+1) dimensional 
case. Actually the fermion-boson equivalence was discussed earlier e.g. in ||. 
Moreover the bosonization of fermion systems in D > 2 dimensions has regained 
interest by recent works || ^|, |4j]. Particularly the bosonization recipe for 
abelian systems in D = 3 was devised in || [TO], ffl. We start from one of the 
reformulations of the Thirring model as a gauge theory which is first proposed 
by Itoh et al. and subsequently one of the authors (K.-I. K) || |[] from a 
different viewpoint. The basic idea of introducing the gauge degrees of freedom in 
the bosonization was earlier proposed in more general form in |7|, [|, although the 
works B, ^, |J were done independently. In the vanishing coupling limit G — > 0, 
our reformulation of the Thirring model reduces to the result of [0. |J . 

In this paper we consider the Thirring model defined by the Lagrangian: 

c Th = ri^o.r - m a rr - ^^x^ W), (i.i) 

where ip a is a Dirac spinor and the indices a, b are summed over from 1 to N, 
and 7 M (/i = 0,...,D — 1) are gamma matrices satisfying the Clifford algebra, 
{j^,lu} = 2<7/ii/l = 2diag(l, — 1, — 1). As usual, by introducing an auxiliary 
vector field A^, the Thirring model is equivalently rewritten as 

c Th , = rtYD^[A\r - m a rr + -^v 4 "- ( L2 ) 

where 

D,[A]=d,--^==A,. (1.3) 

The fermionic degrees of freedom can be integrated away from the Lagrangian 
(|1.2|) . Especially, in the massive fermion case, the fermion determinant leads to a 
local expression for £g[^4] of the field A^ defined by 

lndetf *™ + "M = f* x ^[A\+o(*). (1.4) 
V i^ + ma J J GL J \\m a \ 2 J 

The original Thirring model (|1.1| ) has no gauge symmetry and this is the case 
even after the auxiliary field is introduced in ( |1.2|) . However, if we are allowed to 
identify the vector field A^ with the gauge field and, at the same time, able to 
adopt an appropriate gauge-invariant regularization scheme, the resulting £g[^4] 
in ( |1.4| ) leads to the gauge invariant expression. For example, in 2+1 dimensions, 
we have 

C G [A] = l ^fe^A p F, v - ^-f^ t (1.5) 
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with 



1 N 1 
°cs = j^Y, s 9 n ( m a)j-, (1.6) 

a=l 

where |m a | = m for all a is assumed J3J. For this scenario to be successful, the 
Lagrangian 

1 

2G' 

which is self-dual model, for must be gauge invariant. This is realized by 
identifying the Thirring model as a gauge-fixed version of some gauge theory H 



C G [A} + — A% (1.7) 



by following the Batalin-Fradkin method [Tlj based on the general formalism of 
Batalin-Fradkin-Vilkovisky (BFV) for constraint system. Here the require- 
ment of gauge invariance plays the role of selecting a class of gauge-invariant 
regularizations and of removing some ambiguities related to the regularization ]3[] . 

Keeping the above remarks in mind, we briefly review the recent development 
on bosonization. It has been shown that the (2+l)-dimensional massive Thirring 
model is equivalent to the Maxwell-Chern-Simons (MCS) theory, up to the leading 



order [T(J and to the next-to- leading order in l/|m| [|J. [] This fact was first 



shown by way of the interpolating Lagrangian [ I0| . However the interpolating 
Lagrangians adopted by two papers [K| || are different from each other. Fradkin 
and Schaposnik |TD[ uses the interpolating Lagrangian of the form: 



Cfs[V, H] = 2^*% - -e^VpF^H] + 2tt^H^ u H Pi (1.8) 

where Fp V [H] is the field strength for the gauge field H^. They start from the 
observation that the Lagrangian of the Thirring model written in terms of the 
auxiliary field (corresponding to A p in eq. Q1.4Q ) up to the leading order of 
1/m is equal to the self-dual Lagrangian introduced by Townsend, Pilch and van 



Nieuwenhuizen [141 and Deser and Jackiw 1 15 



C SD [V] = —V,V^ + C G [V}. (1.9) 



1 

2G 

Then they find the master Lagrangian ( |1.8|) such that the self-dual Lagrangian 
( |1.9| ) is obtained by integrating out the H p field. The MCS theory with the 
Lagrangian 

C M cs[H] = -jFp V [H]F^[H] - 2ne^ p H,d u H p , (1.10) 

is obtained by integrating away the field from C F g[V,H]. It should be noted 
that the interpolating Lagrangian ( |1.8| ) is invariant under the transformation: 
6 Hp = dpU, SVp = 0. However the field does not have the gauge invariance, 

1 Note that the bosonization of free fermion model in (2+1) dimensions reduces to the Chern- 
Simons theory (without the Maxwell term) |J . In our formalism, this case is reproduced as the 
free fermion limit, G — > 0. 
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although they use the gauge invariant expression ( |1.4| ) for as if the field 

was the gauge field. 

On the other hand, Kondo's strategy || is in sharp contrast to the treatment 
of Fradkin and Schaposnik fL0 |. He adopts the interpolating Lagrangian: 



C K [A, H] = ~F^[H]F^[H] + ^F, U [H}A P + C G [A], (1.11) 

which was derived by starting from the reformulation of the Thirring model as 
a gauge theory. As a result, the interpolating Lagrangian Ck[A,H] is invariant 
under two independent gauge transformations: 5A p = d^X, and SH^ = d^oj. | 
However the connection of two approaches was not necessarily clear at that stage. 

In this paper we propose to use the following master Lagrangian in order to 
investigate the bosonization of the D-dimensional massive Thirring model (D > 
2): 

C M [A,H,K] = ^(A, - K,f + ^-^H^F^K] + C G [A], (1.12) 

where H fl3 4lD is anti-symmetric tensor field of rank D — 2 for D > 3, vector field 
if M for D = 3 and a scalar field H for D = 2. After redefinition of the field 
variable, the master Lagrangian ( |1.12| ) has another form: 

C' M [A, H, V] = ^{V,f + l -e^H,,..., D F^ 2 [V + A] + C G [A}. (1.13) 



An advantage of the master Lagrangian (|1.12|) or (|1.13|) is that it is able 



to interpolate two types of apparently different interpolating Lagrangians: for 



example, and ( 1.11 ) in (2+1) dimensions. Actually, we show from the master 



Lagrangian ( |1.13| ) for D = 3 that Cfs[V,H] is obtained by integrating out the 



A^ field, while Ck[A, H] is obtained by integrating out the field. On the other 
hand, after eliminating the field and V^, we get (see Figure 1): 

Crh»[A,0] = ^(A^-VNd^ef + CGiA}. (1.14) 

This is nothing but a gauge-invariant formulation of the Thirring model with 
the field 9 being identified with the Stiickelberg field. This Lagrangian was the 
starting point of the gauge-invariant formulation. The Lagrangian ( |1.14j ) should 
be compared with the self-dual Lagrangian (|1.9|) . This difference comes from the 
fact that our master Lagrangian ( |1.13|) has independent gauge invariance for two 



gauge fields A^ and while this is not the case for V^. 

SA lt = d ll X, SH^d^u, 5V^ = 0. (1.15) 

The classical equivalence of the master Lagrangian with the non-linear o- 
model is easy to understand. Indeed the master Lagrangian ( |1.13| ) is a polynomial 
formulation of the gauged non-linear a- model |l6l O, 13]: 



C gNLa &,A] = p^)t(Z^L%) +JC G [A], (1.16) 



2 Quite recently the interpolating Lagrangia n (|l.ll[ ) was used to show the equivalence to all 
orders in the inverse fermion mass by Banerjee ]13|. 
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with a local constraint: ip(x)ip*(x) = 3 

Nevertheless, it is not necessarily straightforward to show the quantum equiv- 
alence. In particular, we must be rather careful in treating the non-Abelian case, 
which will be discussed in the final section. The bosonization || [10]. || [| in D > 2 
dimensions has been carried out based on the configuration space path-integral 
expressions of the partition functions. In this paper we show the equivalence 
between the (2+l)-dimensional massive Thirring model and the Maxwell-Chern- 
Simons theory by starting from the phase-space path integral representation of 
our master Lagrangian. This equivalence is shown up to the leading order of 
1/m in section 2.1 and up to the next-to-leading in section 2.2. This type of 
investigation is very important to elucidate the constraint structure of the various 
Lagrangian in question. Such a strategy was taken in for the master La- 
grangian of Deser and Jackiw Jl5| to study the connection between the self-dual 
model and the Maxwell-Chern-Simons theory, which is now included as a part 
of our investigation in the following. In section 3, our method is applied to the 
(1+1) dimensional case and we reproduce the previous result on the bosonization 
of (l+l)-dimensional Thirring model. The case of D > 4 is discussed in section 
4. The final section is devoted to conclusion and discussion. 



2 (2+1) dimensions 
2.1 up to the leading order 

In order to demonstrate the relation among the massive Thirring model, the self- 
dual model, the Maxwell-Chern-Simons theory and the non-linear a model, we 
take into account Cg(A) defined in ( |1.5| ) up to the leading order of — : 

C G [A] = ^e^A^Ap. (2.1) 



Hence the master Lagrangian ( |1.13|) up to the leading order reads 



C 3Leading [A, H, V] = l ^e^A,d u A p + + ^H,F up [A + V}. (2.2) 



The Lagrangian (|2.2| ) has the primary constraints: 

^ A ^A^ 0, <t>\ = n\ - e^C^rA 3 + Hj) « 0, 



3 As a special case, putting A p = in the master Lagrangian, we obtain the polynomial 
formulation 



Cp[H, K] = ^(K,f + -e^-^H^.^F^ [K], (1.17) 



of the non-linear er-model with the Lagrangian 

CnlM = (d^Y(d^). (1.18) 
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<f> v = n v « 0, 0V = tt^ - e^tf, » 0, 

0£ = < « 0, (2.3) 
where e lJ = e *- 7 . Then we obtain the canonical Hamiltonian: 

n 3Leadmg = -iOcs&AodiAj - 

- l -e lj HvF^A + V\- e^HidjiAo + V ). (2.4) 

Using this Hamiltonian, we get the secondary constraints: 

$ y = iy + e^if,- w 0, 

Or 

$fl = ^[A + 7]«0. (2.5) 
By redefining the constraints: 

&y =<^V+ d^y, (2.6) 

the Poisson brackets are simplified so that the resulting Poisson brackets of & H 
with other constraints vanish: 

{& A , ■} = {& H , -} = 0. (2.7) 
Then we enumerate the non-vanishing Poisson brackets: 
{& v (x,t),<f> v (y,t)} = ±5 2 (x-y), 

{ct> A (x,t),<f> A (y,t)} = -i0 cse ^5 2 (x-p), {<f> A (x,t),<f>> H (y,t)} = -e^5 2 (x-y), 
{<t> v (x,t),<f>>Mt)} = -e ij 6 2 (x-$. 

Therefore the four constraints <f)° A , <p° H , Q' A , <&' H are first class and the eight con- 
straints 4> v , $y, (j) l A) (f) v , (j) l H are second class. For the first class constraints <fr% 4>° H , & A) &' H , 
we choose the gauge fixing conditions: 

X°a = A = 0, XA = Ua* - -^-<„0'i;;\ - n v ) = 0, 

Z lV cs 

X° H = H° = 0, XH = -e ij d i ny = 0. (2.8) 

The Poisson brackets among the first class constraints and gauge fixing conditions 
are evaluated: 

{ XA (£,t),<f> A (y,t)} = 5 2 (x-y), 
{XH&t),(j) H (y,t)} = 5 2 (x'-y), 
{ X A(x,t)^'Mt)} = -df5 2 (x-y), 

{XH&t),*' H (y,t)} = -d 2 5 2 (x-y), (2.9) 
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and the others are zero. Then we get a set of constraints and gauge fixing condi- 
tions, all of which are second class. 

Now, we get the master partition function in phase space as |05 



x exp{i J d 3 x(n^ + + - H 3Leading )}, (2.10) 

where 

x5(^)5($y^^nW5(^)5(4). (2-11) 

i 

We can easily perform the integration over A , H° and all the momentum variables 
tc a , TCy, 7T#. Thus, we obtain the master partition function in the configuration 
space up to the leading order: 

Reading = J VA ^ VH ^ d . A i) 5 ^. H i) 5 {hv G + 

x exp{z J d 3 xC 3Leading [A, H, V}}, (2.12) 

where we have exponentiated the constraints §>' A ,$>' H and recovered A ,H Q by 
identifying the Lagrange multiplier fields for & A , & H with A , H respectively. We 
notice that, in the partition function in configuration space Q2.12p , the original 



Lagrangian ( |2.2| ) is recovered. 



From the partition function (" p .12 ), we can show that Kondo's interpolating 



Lagrangian Ck ( |1 ■ 1 1| ) appears after integration, while Fradkin-Schaposnik's 



interpolating Lagrangian Cps ( |1.8|) appears after A^ integration as follows. 

At first, we integrate out the field. The integration can be easily performed 
and the result is 

z ZLeaMng = J p^ptf^^^tf*) exp{i J d 3 xC K [A,H]}, (2.13) 

C K [A,H] = -jF^F^H] + l -e^H,F vp [A] 

+^e^A„d v A p . (2.14) 



The Lagrangian Ck is the same as (|1.11| ) up to the leading order. Using the 



interpolating Lagrangian ( |2.14j ), we can show the equivalence of the Maxwell- 
Chern-Simons theory and the self-dual model, as carried out in Q. 

Next, we want to perform the A^ integration. The A integration gives 

Reading = J VAiVV ^ H ^. A ^. W)5{ ^L Vq + e ^.#.) 

x8{e ij di{id C sAj + Hj)) exp{z J d 3 xC'}, (2.15) 



d = \^H,F vp [V] + ^V»V, + ^H F l3 [A] 

-^HidaAj - % -^e lj Ad A r (2.16) 
Here field should obey the two constrains: 

diA* = 0, PdiAj = -^PdiHj. (2.17) 

In order to transform the second inhomogeneous constraint to the homogeneous 
one, we shift the field as 

Ai = Af + 4, 

A?(x,t) = [ Dix-fl-l—jtdiHjfatW, 
J Vest* 

8fD{x) = 5 2 {x). (2.18) 
As a result, the A\ field satisfies the homogeneous constraints: 

d l A\ = 0, eVdiA'j = 0, (2.19) 
and the partition function reads 

^Leading = J ^^^^^(8^)8(6^8^ 

x5(^V + e ij diHj) exp{z / d 3 xC"}, (2.20) 

Gr J 

CP ee ~e^H,F up [V] + + e^8 (Af + A[)H d 

' eVHodiHj + ^eVdoiAf + A'^Af+A'j). (2.21) 



Moreover we integrate out A\ and obtain 



Reading = J VV ^ VH ^. H i) 5{ ±V Q + e V Q. Hj) 

x exp{i /" d 3 xC FS [H, V]}, (2.22) 
^] = ^r'H&H, + l -e^F^[V]H p + (2.23) 



The Lagrangian £ps coincides with the one ( |1.8| ) given in ref. [TP 

Finally, we integrate out both H p and fields. We perform H integration 
to result in the delta function 5{e^Fij[A + V)). As in the case of Ai integration of 
(|2.15| ), we shift the Hi field as 

Hi = Ht + K 

Hf(x, t) ee -e l3 & J D(x - y)^V (y, t)dy. (2.24) 
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Then the partition function is rewritten as 

^Leading = J p^p^ptf^^) S ( e * >. . [ A + y]) 

xdidiH'^die^diH^expii J d 3 xC"'}, (2.25) 



1 



C" = - e v(H d + H')MA + V) 3 - -V (A + V) 



+ z J!cs_ e »vp AfidvAp + ^VVp. (2.26) 

We can transform the integration measure Wi as 

VV^Fi^A + V})= VG, (2.27) 

where we have used the solution Vi = y/NdiO — Ai for the pure gauge constraint 
e^Fij[A + V] = 0. After the residual H[ and Vq integration, we arrive at 

^Leading = J p^pfl^.^) exp{ , J d 3 X C Th ,[A, 9}}, (2.28) 

where Ctw is the gauge-invariant Lagrangian ( |1.14j ) of the Thirring model in 
which the Stiickelberg field is introduced to recover the gauge invariance. 
If we change the variable 9 to 



(2 - 29) 

then we obtain 

z 3Lead in g = J p^p^.^) exp{ , J d 3 xC 3gNLa [A, if]} , (2.30) 

CsgNLAA <f] = {DMWiD^) + ^e^A^Ap. (2.31) 

This model ( |2.31|) is nothing but the gauged non-linear a model, if we identify 9 
as a phase variable of the scalar field (p. We should remark that the phase variable 
9 of the scalar field (p can be divided into two parts, one of which is the multi- 
valued function corresponding to the topologically nontrivial sector and another 
is a single-valued function describing the fluctuation around a given topological 
sector In this paper we take into account the single- valued function only. 

Apart from this subtlety, we have shown the equivalence of the massive Thirring 
model to the non-linear a model. 



2.2 up to the next-to-leading order 

Next, we examine the master Lagrangian up to the next-to-leading order of — , 
because the canonical structure is different from that of the leading order. Up to 
the next-to-leading order, the master Lagrangian is given by 

C 3Next [A,H, V] = ^e^A^Ap - —L-^[A]Fp U [A] 

+ h V " V " + \ e " UPH ^ A + ( 2 -32) 



9 



From the Lagrangian, we get the primary constraints: 



b A = tt° » 0, 

^° - ~° ~ 0, 0V =tt 1 v - t l] Hj « 0, 



y/y _ My 

r H = ^H^ 0, (2.33) 



and the canonical Hamiltonian: 



-e^HidjVo - ^^AodiAj - SniOcsHlPAi, (2.34) 
From the Hamiltonian, we get the secondary constraints: 

$ A = + ^f-^Aj) « 0, 

$ H E^ + V]Ri0. (2.35) 

It turns out that the canonical structure up to the next-to leading order is differ- 
ent from that in the leading order, because all 7r^'s up to the leading order are 
constrained. Following the same steps as in the leading-order case, we can see 
that the the four constraints (f> A , (fP H , <3># are first class and the six constraints 
(/> y , (/> F , <3>y, (j) l H are second class. For these first class constraints, we choose the 
gauge fixing conditions: 

Xa = A° = 0, X A = d t A = ^ 

X ° H = H° = 0, X H = e ij d t ^ v = 0. (2.36) 

It can be easily shown that the first class constraints <fP A , <£% <p° H , and the gauge 
fixing conditions X%Xa, X°hi Xh form a set of second class constraints. Then, we 
can obtain the master partition function in the phase space: 

Z 3Ne*t = j VA ^ V H^\v^ v v^ H Y\mmKx) 

x exp{* J d 3 x(n^ + + - H 3Next )}, (2.37) 

where 

n#») = ^(0A)5^)5(0 O y)5(x^)5(x O H)5(XA)5(XH) 

x8(&a)5(*h)5(*v) IJW^(4)- (2-38) 

i 

As in the leading-order case, we can perform the integration over A , H and all 
the momentum variables n A , iTy, 7r^, and exponentiate the constrains § A and 
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by identifying the Lagrange multiplier fields for 3% with Aq, Hq respectively. 
As a result, we obtain the master partition function in configuration space up to 
the next-to-leading order: 

Z 3Next = J x>A IM VV^VH fJi 5(diA i )5(d i H i )5(^V + ^d t H 3 ) 

x exp{* J d 3 xC 3Next [A, H, V]}. (2.39) 

By using the same method as in the previous section, we can easily get the 
partition function with the interpolating Lagrangian of |4j] after V p integration: 

2 3Ne X t = J VAfiVHlI 5(d t A l )5(d t H l )exp{t J d 3 xC K [A,H}} (2.40) 

C K [A,H) = ^ e ^»A„d v A p - -J—F^F^A] 

+^"H li F V(t [A] - ^F^[H]F^[H). (2.41) 

On the other hand, after the A p integration, we obtain the partition function: 

Z™ ext = J VV^VHSidiH^S^V + PdiHj) 

x exp{i J d 3 xC 3 [H, V]}, (2.42) 

^ v = + itr m + ^k^r [H]FAH] 

This is an extension of the interpolating Lagrangian ( |1.8[ ) into the next-to-leading 
order. 

Finally, we can integrate out both H p and V p fields as in the leading-order case 
and get 

Z 3Ne X t = J VAfiVeS ( d . A i) exp{l J d 3 xC Th „[A, 9]}, (2.44) 

where Cth" is the gauge-invariant Lagrangian ( |L14| ) of the Thirring model up to 
the next-to-leading order. 

Following the argument given in the previous subsection, the partition function 
of the Lagrangian (|2.32|) is identified with that of the gauged non-linear a model: 

Z 3Ne X t = J VA)iV(p s( diA *) exp { t J d 3 xC 3gNLa [A^}}, (2.45) 



CzsNlMM = {D^A)^{D"[A}cp) + ^e^A^A 



2 



' F^[A}F^[A}. (2.46) 



247r|m 
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3 (1 + 1) dimensions 

In 1+1- dimensional case, we can show the equivalence between the massive Thirring 
model and a free scalar theory. 

The master Lagrangian in 1+1-dimensional space-time is given as 

C 2 [A, H, V] = --^F^F^A] + ^y M V" + \He^F, u [A + V\. (3.1) 

We should note that the H field is a scalar field in 1+1 dimensional space-time. 
From the Lagrangian ( |3.1| ), we get the primary constraints: 

< EE 7T° « 0, 

0° y = ^ » 0, y = 4 - e 01 # « 0, 

H = tt^ « 0, (3.2) 

and Hamiltonian: 

7T7T7 ^ 1 

^2 = — (^ + e 01 # ) 2 + nfaAo + e 01 FcW - ( 3 - 3 ) 
From the Hamiltonian, we obtain the secondary constraints: 

$A EE ft 71^ « 0, 

$ y ee + e 01 ^ w 0. (3.4) 

Calculating the Poisson brackets among these constraints 0^, y , y , 0#, 
$y, we can see the two constraints <j) A , $a are first class and the four constraints 
(pH, 4>v, 0y> are second class. For the first class constraints <fi A , <& A , we choose 
the gauge fixing conditions: 

X ° A = A = 0, X a ee ftA 1 = 0. (3.5) 

Using these constraints and gauge fixing conditions, we obtain the master partition 
function in phase space: 

Z 2 M = J VA IM VV tl VHV7r'iV^V7r H l[5( ( p)d^)d(x) 

x exp{* J d 2 x(n^ + 7Ty T^u + 7r H # - W 2 )}, (3.6) 

where 

J] *(0<W(x) = 5(0° )5«)5(0^) ( 5(0^)5($ A )5($ y )5(x^)5(xA). (3.7) 

We can perform ir^, tt v , iiy and A integration and get the master partition 
function in configuration space: 
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Z 2 M = J VA^VHd&A^i^V + e 01 ^ ) 

xexp{i J d 2 xC 2 [A,H,V}}, (3.8) 

where we have identified the Lagrange multiplier field for $^ with A . 
Integrating out field, we get 

Z 2 M = J VAnVHSfrA^expii J d 2 xC 2K [A, H]}, (3.9) 
C 2K [A H) = jd,Hd»H - J^ Fia ,[A]Fi»[A) + \u^F, v \A\ (3.10) 



Indeed, this Lagrangian ( |3.10|) is identical to the interpolating Lagrangian in- 



troduced in M which shows the equivalence of the massive Thirring model in 
1+1-dimensional space-time to the scalar theory with the Lagrangian: 

= \{G + %d,Hd»H - Mm 2 H 2 + 0{— 2 ). (3.11) 

If we perform the integration over the H field in the interpolating Lagrangian 
( |3.10|) , we expect to get the Lagrangian 

" iL^WW + ^K- (3-12) 

Nevertheless, we cannot get this result because the interpolating partition function 
( |3.9|) is not covariant. In fact, we can obtain the result ( |3.12| ) corresponding to 
( |1 . 7|) as mentioned in introduction if we take the covariant gauge-fixing condition. 

On the other hand, integrating out the and H fields, we get the (1+1)- 
dimensional massive Thirring model: 

Z 2 M = J VA^VOS^A 1 ) exp{z J d 2 xC 2Th [A, 9]} (3.13) 

£iT h [A, 9] = ±(Ap - ^Nd,9) 2 - JL^F^WF^A]. (3.14) 

Furthermore, the Lagrangian £ 2 Th is rewritten as 

C 2Th [A,9] = C 2gNLa [A,Lp] 

ee {D,[A\ip)\D»[A\ip) - -^ F »M\F» V [A], (3.15) 

as well as in the (2+l)-dimensional case. This Lagrangian is that of the gauged 
non-linear a model. 
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4 (d+1) dimensions 



We want to perform the same procedure for D = d + 1 > 4 case, but in this case 
there appears the reducible constraint. The master Lagrangian in D dimensional 
space-time is given by 

C D [A, H, V] = C G [A] + + l -^-^H^.., D F^ 2 [A + V], (4.1) 

where H fl , i ^ fJiD is a totally anti-symmetric tensor field of rank D — 2. Note that 

Ca[A] = -^fF^[A]F, v [Al (4-2) 

where Kb is a divergent constant which depends on regularization-scheme and 
dimensionality D, see e.g. ||. From the Lagrangian ( |4.1|) , we get the constraints 

'Kr' n ■ = ^- %D - l F lD _ 2lD ^[A + V] « 0, (4.3) 

as secondary constraints. However, the constraints are not independent, because 
they satisfy the relations 

F H...^-4 ^ Q iD ^0- S = 0> (4 4) 

where we should note that the relations are identically zero. By the same logic as 
above, the relations (fOj) are not independent each other. Therefore the theory 
with the master Lagrangian ( |4.1| ) is a reducible theory of (D — 3)-th stage, irre- 
spective of the explicit form of £g[A|. Even in the reducible theory we can repeat 
the same treatment as in the previous sections. However, there is no guarantee 
that the covariant theory is obtained as the final result. If we want to get the 
covariant result without failure, we must resort to other method, for example, 
BFV method [P|. 



4.1 (3+1) dimensions 

From the above reason, we treat the (3+1) dimensional system based on the BFV 
method. 

The master Lagrangian in 3 + 1 dimensional space-time is given by 

At [A H, V] = C G [A) + 2^t"% + \e^H^F pa [A + V], (4.5) 

£g[A\ = --^[A\F, V [A\, (4-6) 

where is an anti-symmetric tensor field and k is a regulariz at ion- scheme- 
dependent divergent constant. From the Lagrangian £ 4 , we get the primary con- 
straints 
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kO — „0 



e ijk H jk « 0, 



= tt°* « 0, ^ = Trg « 0. (4.7) 
and the Hamiltonian 



n = f d 3 x{-^-{ir\ - e ijk H jk )(ir Ai - e llm H lm ) - A Q d^\ 



+ ^ FlJ [A]F^[A] - e^ k H 0i F jk [A + V) - e^ k V Q d t H jk - ^%}- (4.8) 

For the constraints <p A and we choose the gauge-fixing conditions 

A = H 0i = 0. (4.9) 

So, we eliminate the variables (ti a ,Aq) and (TT^,H 0i ) from now on. The non- 
vanishing Poisson bracket among the residual constraints is 

= e^ k 6 3 (x-y). (4.10) 

Therefore, the constraints <j) v and 0# are second class. Moreover we shall elimi- 
nate these two second class constraints by solving them, and the Poisson bracket 
changes to the modified one: 

{H i:j ,V k } = ±e ijk , (4.11) 

i.e., we can consider that e l ^ k Hj k and Vi form a canonical pair. From the Hamil- 
tonian (|4.8p we get the secondary constraints 

$ A EE di7T\ « 0, 

$ y EE + ^ k diH jk « 0, 

$ l H = e^' fc F^[A + F] «0. (4.12) 

The non-vanishing Poisson bracket among the residual constraints y , $ y , 
<3> l H is 

{$ y (f,t),0° y (y,t)} = ^5 3 (f -y). (4.13) 

Therefore, the constraints <f>y, $ y are second class constraints and <&a, *& 1 h are 
first class constraints. In order to treat second class constraints (f)y, $y, we shall 
use the Dirac bracket 

{A, B} D ee {A, B} - {A, 0° y }{0° y , ^v}- 1 ^ y, B} - {A, d> y }{$v, s }> 

(4-14) 

where A, S are arbitrary variables. Then, it turns out that (7r y ,Vo) is not a 
canonical pair and not dynamical, because the Dirac bracket between them is 
zero: 

{*v,V o } D = 0. (4.15) 
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From this fact, we concentrate on the first class constraints $>a and in the 
phase space (ir l A ,Ai), (e i:ik Hjk,Vi). However, the first class constraints are not 
independent, because the constraints $^'s satisfy the relation 

di& H = 0, (4.16) 

where we note that the relation, i.e., Bianchi identity, is identically zero. In order 
to get the Lorentz-covariant and locally well-defined quantized action, we should 
quantize the system without solving the relation ( 4.16Q . This can be done when 
we quantize the system according to the BFV method. So we deal with the system 
in BFV formalism. 

In the BFV formalism, we have to prepare the phase space which consists of 
the original phase space 



7T 



A- 



Ai), (e^Hj^Vi), (4.17) 



and the extended phase space 





(B, 


AO, 


(P,C), 


(C,P), for$ A ^0, 


Grassmann parity 








1 1 


1 1 


ghost number 








-1 1 


-1 1 




(5 l 


Ni), 


(?,c t ), 


(&,P& for$ij«0. 


Grassmann parity 








1 1 


1 1 


ghost number 








-1 1 


-1 1 



(4.18) 



However, the constraints $^'s satisfy the relation <9j$^ = 0- I n this case, we must 
impose the fermionic constraint 

diT « 0, (4.19) 

and accordingly introduce the canonical pairs 

(%),%)), (P ( i),C (1) ), (C (1) ,P (1) ). 
Grassmann parity 1 1 (4.20) 

ghost number —11 —2 2 —2 2 

This is how to treat the reducible constraints in BFV formalism. To make the 
Lorentz covariance manifest and perform gauge-fixing of the field C M , we also 
introduce the canonical variables 

(BIND, {C\,P±), 
Grassmann parity 11 (4-21) 

ghost number —11 

as extra ghost fields. Now, we can construct the BRST charge 
Qbrst = J '^xiC^A + Ci^ + iC^diT + PB + PiB' + P^B^+P^Bl}. (4.22) 
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From the BRST charge, we can calculate the BRST transformation: 
8Ai = diC, 5tt a = 2& k d j C k , 

SHij = diCj - djd, (4.23) 
SVi = 0, 5V = 5(-Ge^ k diH jk ) = 0, 

for the variables Ai,7i A , H^, and 



SB = 


0, 


SB i 


= 0, 


8B (1) = 0, 


5B\ 


= 0, 


5N = 


-P, 


SN, 


= -Pi, 


<^(D = ^(D> 


5N\ 


= -Pl 


5P = 




ST 


= *5r, 


5P {1) = idF, 






5C = 


o, 


SQ 




sc {1) = 0, 






5C = 


B. 


5C l 


= B\ 


8C(i) = 


5C\ 


= Bl 


5P = 


o. 


SPi 


= 0, 


SP(i) = o, 


6 Pi 


= 0, 



(4.24) 



for the residual variables ( f4.18| ), ([4.20|) and (|4.21|) . Furthermore, we take the gauge- 
fixing fermion as 

* = y dM^X + ^ + ^Xi + ^ + G(i)X(i)+^(i)%)+^iXl}> (4-25) 

where \i Xi-, X(i)j x\ are gauge-fixing functions chosen later. Then, we can give the 
BRST invariant quantum action 

S q = J (fxl^Ai + e ijk H jk Vi + BN + B l Ni + B (1) N {1) + B\Nl + PC + TCi 
+P ( i)C (1) + CP + ~&P l + C (1) P {1) + C\PI -H c - {% Q} D ], (4.26) 

where 7i c is the canonical Hamiltonian 

H c = - t ijk H jk ){KM - e llm H lm ) + jF^AjF^A] 

-d jk V diH jk - T^V^. (4.27) 

Then we can get the master partition function in extended phase space 

Z = J Vfiexp{iS q }, 
Vfi = VAiVHiPV^V^VBVNVPVCVCVP 

yiVB l VN{DTVCiVC l VPiVB {1 pN^P^C (l) VC {l) VP {1) 
^VB\VN\VC\VP\. (4.28) 

After we integrate the fields ir A , P, P, P*, P i: P(i), P(i) and choose the gauge fixing 
functions X,Xi,X(i),Xi as 

X = d l A t - |P, 

XI = VH^ - diNl - ^B u 
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X(i) = -i&Q - iyPi, 
X\ = d'N, - £bI (4.29) 

the partition function in configuration space is expressed as 

Z = J VA^VH^VV^VBVCVCVB»VC^VC^VB (l) VNlVPlVC {l) VC {l) 

x exp{i j d 4 xC' q }, (4.30) 



C 9 = &[A, H, V] - B(d^ - |S) + CcPc^C 



+iB {1) (d»C^ - + C {1) d»d„C {1) , (4.31) 



where a, /3, 7 are gauge-fixing parameters and we have identified the fields N, N iy 
Nm, B\, C x with — A , — H 0i , — iCo, B°, C respectively to recover the Lorentz 
covariance. 4 After all, the partition function results in 

Z = J VA li VH^VV IM VBVB"VNl exp{iS q + iS GF }, (4.34) 

S q [A, H, V] ee J d 4 xC A [A, H, V] , (4.35) 

S GF ee J d 4 x{-B(d»A^ - |S) - fl^tf^ - c^ 1 - (4.36) 

where we have integrated out the fields -B(i), C, C, C M , C M , P±. Besides, we should 
note that the field Nl is still necessary to fix the gauge degrees of freedom for 
B^ Using the master partition function ( |4.34 ) in configuration space, we show 



the equivalence among the various theories as follows. 



4.2 C[A,B], C[A] 



At first, we integrate out the field in ( |4.34|) . Then the resulting partition 
function is 

Z = J VApVH^VBVBpVNl exp{i J d 4 xC 4 [A, H] + iS GF }, (4.37) 



4 Total Lagrangian C' q can be written in the BRST invariant form 
C' q = d + SF, 

F ee -C{d»Ap - |B) - Zr(8"H vl t - dpNl ~ + iC^Cp - 7 P*), (4.32) 

according to |25|] . Here, the covariant BRST transformation S is defined by 

SA„ = d ll C, SHp U = dpC v - d u C„, 5Vp = 0, 

SB = 0, 5B» = 0, 5B (1) = 0, 8B\ = 0, 

SC = 0, 5Cp = -idpC {1) , SC (1) =Q, _ (4.33) 

SC = B, SC" = B", 6C {1) = B {1) , 5C\ = B\, 

6P£=0, 8Nl = -Pl 
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C 4 [A, H] = ~F^[A\F^[A\ + l -e^H^F pa [A\ + ^H^H^, (4.38) 
H pup = d»H vp + d v H p » + d p H pv - d v H w - d^H pu - d p H up . (4.39) 



This is an interpolating gauge theory of 3+1 dimensions corresponding to ( J2.14 ) 
or ( 2.41|) of 2+1 dimensions. 



Furthermore, if B^, iV* and H^ v fields are integrated out, we get the partition 
function 

Z = J VA^VBexp{i J d 4 xC 4 [A,B]}, (4.40) 

CtiAB) = ~F^[A)F,M] + ^^W&dfrW 

-B(&>A„-~B). (4.41) 

This is a gauge theory for the A^ field with non-local term. Nevertheless, if we 
choose the gauge- fixing parameter a = 0, then the non-local term disappears after 
the integration of the B field and the partition function changes to 

Z = J VA^5{d^A^)exp{i J (fxC^A}}, (4.42) 

= -- A F^[A]F, U \A] ~ ^q A ^- ( 4 - 43 ) 

This denotes a massive vector theory corresponding to the self-dual model ( |1.9| ) 
in (2+1) dimensions. 

4.3 C[A, if] 



On the other hand, if we take (3 = in ( |4.34 ) , the B^, Nl and integrations 
give 

Z = J VA fl VV II VB5(F flu [A + V\) exp{* J d 4 xC 4 [A, V, B}}, (4.44) 
£ 4 [A V, B] = -jF^F^A) + iy% - B(d p A, - (4.45) 
Moreover, we perform the integration, and obtain the partition function 

Z = J VApVipVB exp{i J d 4 xL[A, ip,B]}, (4.46) 

C[A, ip, B] ee -^[A\F, V [A\ + - iA»)<py{{&> - iA» 

-B{d»A, - (4.47) 
<fxp = 1. 

This is a gauged non-linear a model. 
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4.4 C[H,V] 

Next, the integration of the A p field in ( |4.34| ) gives the partition function 



Z = J VHfJDVpVBpVNl exp{i J d 4 xC[H, V, B„ Nl)}, (4.48) 

C[H, V, B„ Nl] = ^fiw^L-H^ + ± W V» + \e^E, v F pa \V\ 

-B\d»H pv - d u N{ - ^B v ). (4.49) 

This result is a-independent. If we take the gauge- fixing parameter (3 = 0, we get 

Z = J VH^VV^H^) exp{t J d 4 xC[H, V}}, (4.50) 

C[H, V] = —H^H^ + -^*% + l -t^H^F pa \Vl (4.51) 

after B^ and N\ integrations. It should be remarked that the non-local term for 
H pv changes into a mass term only if we choose (3 = 0. 

4.5 C[H] 

Finally, integration of V p in (|4.49 ) leads to 



Z = J VH^VB^VNld^H^) exp{* J d 4 xC[H, N^}, (4.52) 



C[H, B„ Nl] = + 



-B v {d»H» v - d v Nl - ^B v ). (4.53) 



If we take (3 = 0, we get 



Z = J VH pu 5(d»H pu )exp{i J d 4 xC[H]}, (4.54) 

C[H] = - -H^H^ (4.55) 

by the integration of B p field. As mensioned above, the non-local term changes to 
a mass term in the case (3 = 0. After all, we have bosonized the massive Thirring 
model to get a tensor gauge theory. This result is consistent with [p6[| . The result 



( |4.55 ) can be also obtained from the partition function (|4.37|) by performing the 
integrations over all the fields except H^ v . 

In the general D- dimensional case (D > 4), it is expected that the bosonized 
theory is given by 

Z = J VH fll ... tMD _ 2 8(d^H fll ... tMD _ 2 )exp{i J d 4 x£ D [H}}, (4.56) 

C D [H] = ^-H^-^H^.^ - —H^-^H^.^, (4.57) 
12 Kb 
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where JJ^-vd-i j s totally anti-symmetrized one of Q^jj^-^d-i ^ j e ^ 

+(-l)( D - 2 )d» D - 1 H tll ~ t * D - 2 ). (4.5? 



5 Conclusion and Discussion 



In this paper we have proposed a master Lagrangian ( |1.12| ) or ( |1.13j ) for perform- 



ing the bosonization of the Thirring model in arbitrary dimension. Especially, in 
(2+1) dimensions, this master Lagrangian is able to interpolate the previous two 
interpolating Lagrangians JlO|, |J . Starting from the phase-space path integral for- 
mulation of the gauge theory defined by the master Lagrangian, we have shown the 
equivalence of the (2+l)-dimensional massive Thirring model with the Maxwell- 
Chern-Simons theory, up to the next-to- leading order of 1/m. Incidentally it is 
not difficult to show the equivalence by applying the generalized canonical for- 



malism of Batalin, Fradkin, Vilkovisky and Tyutin [|Tl|] to our master Lagrangian, 
as carried out in the recent work P7|] for the self-dual model. Actually, in (3+1)- 
dimensional case, we have shown based on the BFV method that the bosonized 
theory of the massive Thirring model is equivalent to the massive antisymmetric 
tensor theory. 

Athough the Thirring model in D > 2 dimensions is perturbatively nonrenor- 
malizable, the bosonization technique may throw light on the nonperturbative 
renormalizability of the Thirring modelin (3+l)-dimensions as the normalizabil- 



ity of the four-fermion interaction in 1/Nf expansion. [28] [2S 

The most interesting question will be how to generalize our strategy of bosoniza- 
tion into the non-Abelian case. First we remark that it is easy to show the clas- 
sical equivalence of the non-Abelian-gauged non-linear a-model with the gauge- 
invariant formulation of the non-Abelian Thirring model with the Stiickelberg 



field [30] . Indeed the non-Abelian version of our master Lagrangian is at least 



classically equivalent to the non-Abelian-gauged non-linear cr-model [|TR O, ITS 



In this sense our master Lagrangian is easily extended to the non-Abelian case. 
However, we must specify the gauge- fixing procedure in the master Lagrangian 
and take into account the ghost field to preserve the BRS symmetry even after 
the gauge fixing, if we follow the line of Q. Therefore, in order to show the 
quantum equivalence of the Thirring model with some kind of gauge theory, we 
are required to find a clever gauge-fixing so that the redundant fields can be in- 
tegrated out to arrive at the final gauge theory. Quite recently, nevertheless, it 



was announced by Bralic et al. |3T| that the non-Abelian version of the (2+1)- 
dimensional Thirring model can be bosonized by following the same strategy as 
that of Fradkin and Schaposnik [plj] with help of the interpolating Lagrangian of 
the form found in Karlhede et al. []3"2"|] . The equivalent gauge theory obtained 
in |31[ is somewhat similar to the Yang-Mills-Chern-Simons theory, but does not 
exactly coincides with it. However, the questions raised above are not answered in 
that paper, nor taken up are such questions. In this sense, the bosonization of the 
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(2+l)-dimensional Thirring model is not yet well understood from our viewpoint 
of gauge-invariant formulation. 

Finally we remark that, in the weak four-fermion coupling limit G — > 0, the 
field decouples from the master Lagrangian ( |1.13|) after rescaling the field V^. 
In this limit the master Lagrangian reduces to 

C' M [A»,H„] = ~e^°H» 3 ..., D F^[A]+jC, G [A„\. (5.1) 

This should correspond to the free fermion model. Actually this coincides with the 
result of 0]. If we integrate out the field, we could perform the bosonization of 
the free (!) fermion model and would obtain the bosonized theory written in terms 
of the field H^. However this simplified master Lagrangian has the same problems 
as mentioned above in the presence of the four-fermion interaction. Therefore the 
essential difficulty of non-Abelian bosonization comes not only from the specific 
interaction of the original fermionic model but also the gauge-invariance of the 
master Lagrangian or the hidden gauge-invariance of the free fermionic model. 
The bosonization of the free fermionic model was performed in the (1+1) dimen- 



sional case by Burgess and Quevedo f3~3" |. However, it is not straightforward to 



extend this analysis to the case of D > 2, since they use various peculiarities of 
(1+1) dimensions. In view of this, a detailed investigation of the non-Abelian 



versions of the Thirring model will be reported in a subsequent paper [34] 
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Figure Captions 

Fig.l: Equivalence of the various models. 
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Master Lagrangian C[A, H, V] ( |LT3| ) 
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D = 2 ( PT2| ) 
D = 3 Q 
£> = 4 ( ^43|) 
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